An Ore-type sufficient condition for a bipancyclic ordering  by Hendry, George R.T.
Discrete Mathematics 102 (1992) 47-49 
North-Holland 
47 
An Ore-type sufficient condition 
for a bipancyclic ordering 
George R.T. Hendry 
Department of Mathematical Sciences, Edward Wright Building, Dunbar Street, Aberdeen A B9 
2TY. UK 
Received 24 September 1991 
The author passed away in August 1991. 
Abstract 
Hendry, G.R.T., An Ore-type sufficient condition for a bipancyclic ordering, Discrete 
Mathematics 102 (1992) 47-49. 
It is shown that if G(X, Y, E) is a bipartite graph with 1X1= IYI = n Z= 2 in which d(x) + d(y) 2 
n + 1 whenever x E X, y E Y, and xy $ E then, unless n is odd and G is one exceptional graph, 
G has a bipancyclic ordering, i.e. the vertices of X and Y can be labelled x,, . , x, and 
y ,,..., y,,respectively,sothatC,,~(x, ,..., x,,y ,,..., y,),for2<k~n. 
Definitions. Let G(X, Y, E) denote a bipartite graph G with bipartition {X, Y} 
and edge set E. Let IV(G)1 = 2n 24 and assume that G is balanced, i.e. 
1x1 = IYI = n. A cycle C in G is extendable if there is a cycle C’ in G such that 
V(C) E V(C’) and IV(C’)( = IV(C)1 + 2. G is bipancyclic if G contains a cycle of 
each length 2k, 2 6 k 6 n. G has a bipancyclic ordering if the vertices of X and Y 
can be labelled x1, . . . , x, and yl, . . . , y,, respectively, so that the induced 
subgraph of G with Vertex Set {x1, . . , &, y,, . . . , yk} is hamiltonian, for 
2 < k s n. Set a(G) = min{d(x) + d(y): x E X, y E Y, and xy $ E}, where d(x) 
denotes the degree of vertex x. If A and B are disjoint subsets of V(G) then (A ) 
denotes the induced subgraph with vertex set A and q(A, B) denotes the number 
of edges in (A U B). 
Moon and Moser [3] showed that a graph satisfying a(G) 2 n + 1 is hamil- 
tonian. A weaker sufficient condition for hamiltonicity was given by Chvatal [l]. 
Schmeichel and Mitchem [4] showed that Chvatal’s condition, and therefore the 
condition B(G) 2 n + 1, guarantees that G is bipancyclic. Here we strengthen this 
latter result by proving the following result which was conjectured in [2]. 
Theorem. Let G(X, Y, E) be a balanced bipartite graph of order 2n 2 4 satisfying 
a(G)>n+l. (1) 
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Then G has a bipancyclic ordering unless n is odd and G is the graph obtained 
from two disjoint copies of KCn_-1j,2,Cn+1),2 b y adding a perfect matching between the 
two independent sets of order (n + 1)/2. 
Proof of Theorem. Suppose that G satisfies the hypothesis but does not have a 
bipancyclic ordering. By the main result of [4], G contains a 4-cycle. Thus G 
contains a subgraph with a bipancyclic ordering. Let F be such a subgraph of 
maximum order. Suppose that IV(F)] = 2k s 2n - 2. Since any hamiltonian cycle 
of F is not extendable, it follows from the case t = 1 of Corollary 3.2 of [2] that 
k s (n - 1)/2 with equality if and only if G is the graph described in the statement 
of the theorem. We assume henceforth that 
k c (n - 2)/2 (2) 
and work towards a contradiction. Since any hamiltonian cycle in F is not 
extendable, it follows from Theorem 3.1 of [2] that V(G) can be partitioned into 
4 sets P, Q, R and S such that PUR=Y, QUS=X, lPl=k, lQl=k+l, 
IRJ = n - k, JSI = n - k - I, where 
1~ 1~ (n - k)/(k + l), (3) 
FCE (PUQ) =&k+, (4) 
and 
q(P, S) = 0. 
By (3), (4) and the maximality of F, 
(5) 
each vertex of R has at most one neighbour in Q. (6) 
By (1) and (5) 
each vertex of S has degree at least n - k - 1 + 1. (7) 
Let H be a subgraph of G of maximum order such that H has a bipancyclic 
ordering and V(H) fl S # 0. It follows from (3) and (7) that (R U S) contains a 
4-cycle and hence that H exists. Let Y, = V(H) rl Y, X, = V(H) rl X and 
S, = V(H) fl S. Again invoking Theorem 3.1 of [2], we deduce that 
(Z, U N(ZH)) is a complete bipartite graph, lZ,l < liV(Z,)] and 
each vertex of Z - Z, has at most one neighbour in N(Z,), where 
Z = X or Y. (8) 
Note that since (V(H)) is complete bipartite, it follows from (5) and (6) that 
Y, c R and S, contains all but at most one vertex of X,. We consider two cases 
according to whether Z = X or Y in (8). 
Case 1: Z=X. 
If x1 ES, and x2 E S - S, then, since by (8) x2 has at most one neighbour in 
N(x,), it follows by (7) that 
2(n-k-f+l)<d(x,)+d(x,)sIRI+l=n-k+l, 
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which contradicts (3). Therefore S, = S. We have IV(H)1 2 2 ISI = 2(n - k - I). 
By (3) n - k - 1 a lk and so, by the maximality of F, 1 = 1. But now since 
IV(H)1 22(n - k - 1) and, by (2), II - k - 15 k + 1, we again contradict the 
maximality of F. 
Case2: Z=Y. 
It follows by (6) and (8) that JN(Y,) fl Ql G 1 and hence that 
IN(Yn) n SI z= 2. 
By (7) and (8), we have 
(9) 
(n - k - 1 + 1) * (N(Y,) f~ Sl< q(N(Y,) n S, R) 
c IYHI . I~Wd n 4 + IR - Y4 
= IY,( . ([N(Y,) n SI - 1) + tz -k. 
If x E S - N(Y,) then 
(10) 
I. Y,I=n-k-IR-YHIsn-k-d(x) 
sn-k-(n-k-I+l) 
=1-l. (11) 
Combining (10) and (11)) we get 
(n-k-21+2)~~N(YH)nSl~n-k-l+1. 
Since, by (3), n - k - 21+ 2 > 0 it follows from (9) that 2(n - k - 21+ 2) s 
n - k - I+ 1. However, this implies that 12 (n - k + 3)/3, which contradicts (3). 
We may therefore assume that S - iV(Yn) = 0. Since 
lQla3 and IN(Y,)nQl<l, 
it follows by (6) that there exist x E Q - N(Y,) and y E R - YH such that xy $ E. 
But now, by (l), (6) and (8) we have 
n+l~d(x)+d(y)c(n-IY,J)+2 
and hence that lYHl G 1, which is a final contradiction. 0 
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